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tolma © s Martin Runge Kutta VTE Steps to resolve Equationsin Mathematics, variation of parameters, also known as variation of constants, it is a general method for solving equations diffe inhomogeneous linear ordinary-competitive. For inhomogeneous linear differential equations of first order, it is usually possible to find solutions through the
integration factors or indeterminate coefficients with considerably less effort, although these methods take advantage of the heuristic involving riddles and do not work for all inhomogeneous linear differential equations. The variation of the parameters also extends to linear partial differential equations, in particular in inhomogeneous problems for
linear evolution equations as the heat equation, the wave equation and the equation a vibrating plate. In this setting, the method is more often known as the principle of Duhamel, from the name of Jean-Marie Duhamel (1797 "1872) which called for the first time the method to solve the inhomogeneous heat equation. Sometimes the change the same
parameters is called the principle of Duhamel and vice versa. HISTORY the parameter variation method is designed for the first time by the Swiss mathematician Leonhard Euler (1707 "1783), and later completed by the mathematician-Italian mathematician Joseph-Louis Lagrange (1736 "1813). [1] a precursor of the method of variation of the orbital
elements of the celestial body has appeared in the work of Euler in 1748, while studying the mutual perturbations of Jupiter and Saturn. [2] in his 1749 study of the movements of the Earth, Euler scored differential equations for the orbital elements. [3] in 1753, he applied the method to his study of the movements of the moon. [4] Lagrange has used
for the first time the method in 1766. [5 ] Between 1778 and 1783, he has further developed the method in two sets of memories: one on the [6] planets movement variations and another on determining the orbit of a comet from three observations. [7] During the 1808, 1810, LaGrange gave the method of variation of the parameters of its final form in
a third series of documents. [8] intuitive Explanation The equation of the forced dispersion spring, in adequate units: x Ac¢a—-A3@®) +x(t)=f(). {DisplayStyle x " (T) + x (t) = f (t).} here x is the movement of the spring from the equilibrium x = 0 and f (t) is an external applied force that depends on the time. When the external force is zero, this is
the homogeneous equation (whose solutions are linear combinations of Sines and Cosine, corresponding to A Swinging spring with constant total energy). We can build the solution physically, as follows. Between the times t = s {displaystyle t = s} et = s + ds {displaystyle t = s + ds}, the impulse corresponding to the solution has a net variation f (s)
ds {displaystyle f (s) ds} (see: Impulse (physics)). A non-homogeneous equation solution at the time T> 0, it is obtained by continuously superimposing the solutions obtained in this way, for S is between 0 and t. The homogeneous problem at the initial values, which represents a small impulse f (s) ds {displaystyle f (s), ds} is added to the solution at a
momentt=s {d1sp1aysty1e t=s}, A"xA¢A3®)+x()=0,%x(s)=0,toxad?(s) =f(s)ds. {Displaystylex " (t) + x (t) =0, quad x(s) =0,x'(s) =f (s) ds.} The only solution to this problem A~ Easily seen Be X (T) = f (s) sin a &j (t as) ds {displaystyle x (t) = f (s) sin (ts), ds}. The linear overlay of all these solutions is given by the integral: X (T) = to A
«0tf(s)sinA ¢ aj (tA¢s)ds. {. DisplayStyle x (t) = int {0} ~ {t} f(s) sin (ts), ds} to verify that this satisfies the desired equation: x A ¢ 42 (t) = a A «0 t f (s) cos a (t as) ds &j {displaystyle x '(t) = int {0} ~ {t} f(s) cos (ts), ds} xa ¢ A3 (t)=f(t)aadaaaaatf(s)sinA¢aj(t¢s)ds="Ff(t)A¢x(t), {displaystylex " (t) = f(t) -int {0} ~ {t} f(s)
sin (ts), ds = f (t) -x (t),} as requested (see: integral rule leibniz ). The general method of variation of the parameters allows you to resolve a uneven linear equation L x (t) = f (t) {displaystyle Ix (t) = f (t)} by considering the second linear order differential operator 1 at the net force , so the total impulse given to a solution between ESS +DSisF (s) DS.
We indicate with x s {displaystyle x _{s}} the solution of the initial homogeneous problem value 1 x (t) = 0, x (s) = 0, x a &2 (s) = f (s) d s. {Displaystyle Ix (t) = 0, quad x (s) = 0, x '(s) = f (s), ds.} Then a particular solution of the non-homogeneous equation is x (t) = A & «0 txs (t) ds, {displaystyle x (t) = int {0} ~ {t} x_{s} (t), ds,} result of the
juxtaposition linearly omogeneous infinitesimal solutions. There are generalizations of upper than linear order differential operators. In practice, variation of the parameters usually involves the fundamental solution of the homogeneous problem, the infinitesimal solutions X S {DisplayStyle X {S}} then be given in terms of explicit linear combinations
of linearly independent fundamental solutions. In the case of the dispersionless forced spring, the kernel sin a Aj (t as) = sin a Ajt so a 4js sin a Ajs so a Ajt {displaystyle sin (TS) = sino t So S Sin s COS T} It is the decomposition associated in fundamental solutions. DESCRIPTION OF THE DATIFICATION Method Differential non- homogeneous linear
order NY(N) X) + AI=0Ntol AIX) Y (I) X) =B (X). {Displaystyley ~ {(n)} (x) + sum {i=0} ~ {n-1}a {i}x)y "~ {(@)} ®) =b ().} () bothy 1l (%), a|, yn (x) {displaystyley {1} (x), ldots, y_{n} (x)} be a fundamental system of solutions of the corresponding homogeneous equationy (n) (x) + ai =0n Ac¢1aix) y (i) (x) = 0. {displaystyle y
~"{m)} ) +sum_ {i=0} ~{n-1}a {i} ®y ™ {()} x) = 0.} (ii) then a particular solution of the non-homogeneous equation from yp (x) = ai = 1 nci (x) yi (x) {displaystyley {}p®) =sm {i=1} "~ {n} c {i} ®)y_{i} (x)} (iii) if the ci (x) {dlsplaystyle ¢ {i} (x)} are differentiated functions that are assumed to meet the conditions ai = 1 nci A ¢
a2 (x)yi(j) ®) =0,j=0,A|,nA, 2. {DisplayStyle {i=1} ~ {n}c {i} '®)y_ {i} ~ {()} ®) =0, quad j = 0, 1dots, n-2.} (iv) starting (iii), repeated differentiation combined with the repeated use of (iv) dAyp (j) (x) =ai=1nciyi(j) (x),j=0, A [, nA¢ 1. {\ Displaystyle y_{p} {" ()} ®¥) =\ sum sum ] = 0, LDOTS, N-1 ,.} (V) One last differentiation
DA yp (n) (x) = ai =1 nci A ¢ a2 (x) yvi(n¢ 1) (x) + Al =1 NCI (X) Yi (N) (X). {Displaystyley {p} {(n)} ®) =sm {i=1}{n}c {i}'®y_ {i} “{(n-D}(x)+sum {i=1} ~ {n}c {i} ®y_ {i} ~ {(n)} x),.} (vi) replacing (iii) in (i) And applying (V) and (VI) follows that one I = 1 nci Aca2®YimA¢1l) x) =b (x). {DlsplayStyle {i=1} ~ {n} c_
{i} '®y_ {i} ™ {(n-1)} (x) = b (x).} (Vii) the linear System (IV VII) of n Equations can be resolved using the yielding cramer rule at 42 (x) = wi(x) w (x),i=1,A ¢ | n {displaystyle ¢ {i} '(x) = {frac {w_ {i} x)} {w (x)}}, quad i = 1, ldots, n} where w (x) {dlsplaystyle w (x) } Is the determinant wronskian of the fundamental system and wi (x) {w_
displaystyle {i} (x)} is the determinant wronskian of the fundamental system with the i-exima column replaced by (0, O, A¢ | , B (x)). {DisplayStyle (0.0, LDOTS, B (X)).} The part1cu1ar solution of the non-homogeneous equation can therefore be written asi = 1 nyi (x) a «<wi (x) w (x) DX. {DisplayStyle {i=1} ©~ {n} y_{i} %), int {frac {w_ {i} (x)}
{w (x)}}, mathrm { D} x.} Examples of the first order equation y A¢az+P(x y = q (x) {y DisplayStyle '+ p (x) y = q (x)} The general solution of the corresponding equation Homogeneous (written below) is the complementary solution to our original (not homogeneous) equation: y Acaz+p (x) y 0 {y DlsplayStyle + P (x) y = 0}. This
homogeneous differential equation can be solved with different methods, such as the separation of the variables: ddxy + p (x) y = 0 {displaystyle {frac {d} {dx}} y + p (x) y = 0} DYDX = AP (x) y {displaystyle {frac {} {dy dx}} =-p (x) y} dyy = p (x) dx, {displaystyle {dy y} = - {p (%), dx},}, A «1 ydy = A, A A« p (x) dx {dlsplaystyle int {frac {1}
{y}},dy = -intp (x), right} InaAj | Y|. = A, A, 4 «<P (x) DX + C {DisplayStyle LN |y | =-INTP (X), DX+ C}y=A,4a+and A, AA«P (x) DX+ C=C0andA, A«P (x) DX { DisplayStyley = pme ~ {-intp (x), dx + ¢} = c¢_ {0} and {” - int p (x), dx}} The complementary solution to our original equation A " So: YC = C 0 and A, A, A «P (X) DX
{DisplayStyley_{C} = {0} C_E ~ {- INT P (X), DX}} Now let's go back to solve The non-homogeneous equation: y a 4> + p (x) y = q (x) {y DisplayStyle '+ p_ (x) y = g (x)} Using the parameter method variation, the partlcular solution is formed Multiplying the complementary solution from an unknown function C (X): yp = ¢ (x) and A, A, 4 «p (x) dx
{displaystyle y_ {p} =c (%) and ~ {-int p (x), DX}} Replacing the particular solution in the non- homogeneous equation, we can find ¢ (x): c A¢a2(x)and A, A, a «p (x) dx A¢c(x) p (x) and A, AA «p (x) dx + p (x) ¢ (x) and 4, A« p (x) dx = q (x) {displaystyle ¢ '(x) e © {-int p (x), dx} -¢ (x) p (x) and © {-int p (x), dx} + p (x) ¢ (x) and ™ { - INT P (X),
DX} =q ()} cA, A% (x) and A, A, «p (x) dx = q (x) {displaystyle c '(x) e ~ {-int p (x), dx} = q (x)}c A¢az(x)= q (x) and a «p (x) dx {displaystyle ¢ '(x) = q (x) and ~ {int p (x), dx}} ¢ (x) = a & «q (x) and a« p (x) + ¢ dxdx 1 {displaystyle c (x) = int Q (x) and ~ {INT P (X), DX}, DX + C_ {1}} We only need a smgle particular solution, so we arbitrarily
select C 1 = 0 {C DisplayStyle {1 } = 0} for simplicity. So the solution is particular: yp = and A, A, 4 «p (x) dx A ¢ 4 4 & q (x) and a« p (x) dxdx {displaystyley {p} = e ~ {- INT P (X), DX} INT Q (X) and ~ {INT P (X), DX}, DX} The final solution of the differential equationis: Y =YC +YP=COand A¢AA4a4aa«P (x) DX + and A, A, A« p (x) right A ¢
a & «q (x) and unaé« p (x) dxdx {displaystyle {begin {} Alignedy & =y {c} +y {}p & =c {0} and ~ {-INTP (X), DX} + E ~ {-INTP (X) DX} INT Q (X) and ~ {INT P (X), DX}, DX End {aligned}}} This The factors integration method. Specific second order equation we resolve y A A3 +4vyA¢a2+4y=soAjx {y DisplayStyle " + 4y '+ 4Y =
so} We want to find the general solution of the differential equation , ie, ie, To find solutions to the omogeneous differential equationy A ¢ 4,— A3+ 4y A ¢ 4,— 42 + 4y = 0. {DisplayStyle Y " + 4Y '+ 4Y = 0.} The characteristic equation A ": Az A »2 4 €
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